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Now, if one is attempting to ballistically match two shells
(I and II) to be fired from the same gun,

[I*/[CNa(Xcg - = {Ix/[CNa(Xcp - Xcg)]}n (10)

is required if they are to traverse the same trajectory. If the
two shells have essentially the same external shape,

[Ix/(Xcg - = [Ix/(Xcg - Xcp)]n (ID
for identical trajectories. The reader is reminded that while
Eq. (10) or (11) is an overriding factor in ballistic matching,
neither Ix nor Xcg can be changed unless the following condi-
tions remain satisfied:

and
= [(p!x/2I)*/(Ma/I)] > 1, X l l2 < 0,

(CDS/W)f = (CDS/W)n

(12)

It is also desirable that Xi,2 and coi,2 be roughly matched so that
the transient dynamic performance is not changed exces-
sively. The fact that the drag-to-weight ratios must be
matched [Eq. (12) ] is assumed to be obvious.

Cross Range Drift
It is possible to integrate Eq. (9) when j}R is constant and

obtain an expression for the cross range drift,

£> ^// - (gN^R/W)dtdt = -(gNapR/W)(t*/2) (13)

where Na = (CNaq'S).

It can be shown that for a vacuum trajectory,

7 ^ -g cos7o/70 (14)

t = 270 sin7o/0 (15)
and

(16)sinTo cos7o)]1/2

Substitution of Eqs. (14-16) intoEq. (13) yields

£> = p/,(sin7o)3/2(2^)1/2(cos7o)1/2/[^(^ - Xcp)] (17)

where average values for p and (Xcg — Xcp) should be used.
Although it is possible to estimate cross range drift of a shell
from this equation, it is more useful in predicting the change
in drift resulting from perturbations of the shell charac-
teristics. For instance, if it is desired to examine the sensi-
tivity of 2) to changes in Ix, Eq. (17) becomes

= CIX (18)

where C is evaluated by calculating a single nominal trajec-
tory. This approach is shown in Fig. 5 compared with 6-
dof simulation, and the agreement is excellent. The same
approach can be taken with the other shell parameters.

Conclusions
The yaw of repose theory shows that the ratio of roll

moment of inertia to the static margin predominates in con-
trolling the yaw of repose angle magnitude in the usual pro-
jectile problem. Aside from the drag-to-weight ratio, which
dominates any projectile ballistic match problem, the yaw of
repose is the single most important projectile parameter.
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Nomenclature
C = (P/*)/(PM).
fi = stream function such that d//c)?7 = Ui/me, i = 1,2
g = enthalpy ratio H/He = h/he
K = transverse to principal inviscid velocity ratio = ai/ai
M = molecular weight
Nu = Nusselt number, qsPrsXi/(He — hs)^s
q = surface conductive heat flux
m = velocity component
u = airspeed
Xi = coordinate; i= 1,2 along surface, i = 3 normal to surface
on = inviscid velocity gradient such that Uie = caXi, i = 1,2
X = heat-transfer parameter, Csgs'/(l — gs)Prs
X* = heat-transfer parameter for zero mass transfer
A = normalized heat-transfer parameter, X/X*
77 = transformed coordinate, (peai/fjLe)1'2 I (p/pe)dxzJ o
<f> — injection parameter, — /S/X*
co = exponent in viscosity-enthalpy relation

Subscripts
e — edge of boundary layer
i = injected species; coordinate direction
s = surface condition

PRESENTED in this Note are the results of a parametric
study of the effectiveness of mass transfer in reducing

heat transfer to regular three dimensional stagnation points.
The shapes considered here possess two planes of symmetry
and range from spheres, through cylinders, to saddle points
with equal magnitudes of adverse and favorable pressure
gradients. Calculations were performed for model gases
(pah~l, pati*, Pr = const) for wall to total enthalpy ratios
ranging up to 0.9, and using real air properties for enthalpy
ratios of engineering interest. Our primary objective is to
present a simple correlation function appropriate for engineer-
ing estimates of mass transfer effects over a wide range of
shapes, enthalpy ratios, gas properties, and injection rates.
By considering realistic model gases and real air properties
in a systematic parametric study, the present contribution
stresses heat transfer, in contrast to the study of Libby1

which employed the simplifying assumption of pju = const,
and focused on enthalpy ratios of 0.0 and 1.0.

The present work follows on that presented in Ref. 2, where
heat-transfer correlations were developed for the zero mass
transfer situation. The governing equations for three di-
mensional stagnation point flows are taken directly from
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Ref. 2, and are

(Cfi'Y + (/i +
(Cft*)' + (/i +

(Cg'/PrY

+ (Pe/p - /x'«) = 0 (la)
+ K(pe/p - /,") = o (Ib)

= 0 (Ic)
subject to the boundary conditions

77 = 0: // = 0, /, = /., g = gs] i = 1,2 (2a)
i? -> c» : // -> 1.0, 0 -> 1.0; i = 1,2 (2b)

The stream functions /i,/2, appear only in a linear combina-
tion so that mass transfer at the surface may be assigned to
either one, or both. Model gas properties were taken as

pah~ co = 0.5, 0.7, 1.0; Pr = 0.7 (3)

The equilibrium air density and density-viscosity product
were computed from the correlation of Cohen,3 and the total
Prandtl number from the polynomial curve-fits of Clutter and
Smith.4 All the calculations were performed using the method
and computer programs developed in Ref. 5. With 151 in-
tegration steps across the boundary layer, 4 decimal place
accuracy was achieved in about 1 sec of IBM 360/91 computer
time per case.

Results and Correlations

It is realized that most practical interest lies in shapes
ranging from spheres to cylinders; thus data for saddle
shapes (K < 0) are included here mainly for completeness.
A practical example of a saddle shape is the shape formed by
the intersection of a fin and its supporting surface. In order to
conveniently exhibit the heat transfer data, we define a heat-
transfer function, X, which in Ref. 2 was found to be only
weakly dependent upon gas properties. With the definition

X = Csgs'/(l - gs)Prs = (4)

we have the usual Nusselt-Reynolds number group together
with some further accounting for gas property variations.
With the definition A = X/X* the effect of mass injection on
heat transfer may now be considered. Figure 1 shows A as a
function of K for the model gas at an enthalpy ratio of 0.1,
and are typical of the results obtained. It is seen that the
effect of gas properties (co) is pronounced, especially at the
high injection rates typical of practical applications such as
for reentry vehicles.

The utility of heat-transfer data for engineering calculations
is enhanced considerably by the development of adequate cor-
relation functions. It is quite common (e.g., Anfimov6)
to correlate mass transfer effectiveness as a linear function of
injection rate, with corrections for variable property effects
expanding the scale of the abscissa. While the simplicity of a
linear correlation is quite attractive, it is clear from a cross-
plot of Fig. 1 that the linear relation must be limited to rela-
tively low injection rates. In many engineering applications
of mass transfer cooling it is desired to reduce convective heat
transfer by an order of magnitude, so that correlations ex-
tending to high rates of injection should be developed. The
form of the correlation function sought here is such that a

Table 1 Heat-transfer parameter X*
C = 1.0; Pr = 0.7; pah^

= h/He

K 0.01 0.1 0.2 0.4 0.6 0.8
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Fig. 1 Effect of mass injection on heat transfer as a func-
tion of geometry for various viscosity laws. Pr — 0.7.

finite value exists at the origin and the first derivative decays
with increase of injection rate until no further change is notice-
able for very high injection rates. Exponential functions
satisfy these requirements, and indeed are suggested by the
results of Couette flow analysis; exponential correlations
have been used by a number of authors.7 However, for pur-
poses of curve-fitting it is convenient to normalize the injec-
tion rate with the heat transfer coefficient, and it is found that
use of an Euler transformation on the abscissa allows a linear
correlation in the transformed plane. Such a plot is shown in
Fig. 2, where the equation of the proposed correlation is

(5)

(6)

1 - A =
which is within 3% for all the data in the ranges

0.05 < gs < 0.9; 0.5 < co < 1.0

0.0 < K < 1.0; 0.0 < -fs < 2

and for real air up to orbital velocities. The data shown in
Fig. 2 are representative of the data employed in the develop-
ment of the correlation function. Close clustering of the
points about the curve precluded plotting of all the points
considered. Note that the correlation curve quite obviously
falls below the data points for ratios of the abscissa greater
than about 1.4, which corresponds to — fs < 2.5. In order to
show the deviation of the K < 0 shape data from the results
for K > 0, some representative data points are shown in the
figure for K = -0.6 and -1.0.

The correlation function Eq. (5) may be rearranged by
solving the quadratic to yield

A = 0.5 {1 - [(1 - 1/2} (7)

where <£ = — /S/X* is now viewed as the injection parameter
in order to obtain an explicit relation for the mass transfer
effectiveness. It remains to prescribe a correlation for the
zero mass transfer heattr ansfer coefficient X*. It was shown
in Ref. 2 that heat-transfer data for real air and model gases



1212 AIAA JOURNAL VOL. 9, NO. 6

1,0

0.9

0.8

0.7

0.6

^0.5

0.4

0.3

0.2

O.I

O O

~~ o /0 U = IOOOf/s gs =.3 K = 1.0 p/
X =!5000f/sgs = .l33 =1.0 + Y

- A =25000f/sgs = .048 =1.0 y
* CJ=0.5 gs = 0.9 K=I.O 0/
* =0.5 9S

 = 0.5 K=I.O /"
v =6.5 gs=o.i K=I,O *
• =0.5 9S

=0,I K=0.0 Q/"
- A =0,5 gs

=o,i K=o.e {
/

</ "
/•

/T"
=/.

vw * o
0/

/*>

Q/ D W = I.O gs=0,l K=0.0
/ • =1.0 gs=0.5K*0.0

$* T OJsO.7 g$=0.5K=!.0
^/ - u,o gg-u,i is-i.u

/^ o s o,5 g^O.I K=0.6
/ i i i i f f t t

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

F = -

Fig. 2
" l + 2 / 3 |V\I

Correlation of mass transfer effectiveness data for
model and real gases.

(1 < Cs < 5.0) for all shapes (-1.0 < K < 1.0) could be
simply correlated to within 4% by

X*/XV=1.0,Pr=0.7) = 0.12(CS - I)1/2 (8)
The required X* data for C = 1.0, Pr = 0.7, is givenin Table 1.
The correlation function, Eq. (7), together with Eq. (8) and
Table 1 allow the surface heat transfer to be calculated.

Data for homogeneous boundary layers, or air into air in-
jection, have rather limited direct applicability; relatively
few engineering systems, outside the field of air-breathing
propulsion, are likely to use air as a coolant. More commonly
an ablating material is used and the resulting mixture of gases
entering the boundary layer may have properties which differ
significantly from those of air. At present there are no data
for foreign gas injection at three-dimensional stagnation
points, but, by use of existing axisymmetric results, the appli-
cability of the present correlation can be extended in an ap-
proximate manner. For example, Anfimov6 showed that the
effect of foreign gas injection on the conductive heat transfer
to the surface can be accounted for if the injection parameter
is redefined as <£' = (/s/X*)(7kTair/Mz-)0-24. Thus it is tenta-
tively proposed that for foreign gas injection into air, $ in
Eq. (7) be replaced by <£'.
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x,y,z

Ci
CH
H

0 '

01*, 02*

Nomenclaturet
principal axes, with z along the axis of symmetry
functions of \f/, \l/f, <j>, <J>'
aerodynamic coefficient1

constant, x/2 {(1 - #0/3(1 + #0}1/2.
nondimensionalized Hamiltonian, 2H/I02

Hamiltonian
inertia parameter, 1 — IZZ/I where / = Ix lyy >
angular position of the satellite as measured from

pericenter
phase angles
rotation across the orbital plane (roll)

\f/ = rotation in the orbital plane (pitch)
X = rotation about z axis (yaw)

Introduction

ATTITUDE dynamics2 of gravity-oriented satellites has
-̂ - been studied extensively in recent years.3 The com-
plexity of the problem has, in most cases, led to the use of
numerical techniques.1-4 However, the digital approach often
fails to give an insight into the system behavior in absence of
extensive computations which tend to be rather expensive.

Here, a simple approximate analytical method using the
constant Hamiltonian of the system is proposed to solve a set
of nonlinear, coupled equations corresponding to the general
librations of a satellite.

Analysis

For a rigid, nonspinning, axisymmetric satellite negotiating
a circular trajectory in the gravity gradient field with the
atmospheric effect, the equations of the librational motion,
with 6 as the independent variable, are1

+ Ci sin^) cos^/costy = 0 (la)
1)2

0 (Ic)

Recognizing that the Eqs. (la) and (lb) do not involve X
explicitly, their solution can be undertaken independent of
Eq. (Ic). Multiplying them by 2^'cos2</> and 2<£', respec-
tively, adding and integrating once yield the normalized
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